Conditions are given for the envelope of holomorphy of a Hartogs or circular domain in C" to be univalent, together with its explicit construction. The noneliminability of the assumptions is shown by counterexamples.
0. Introduction. In this paper we consider the classical problem of the univalence and description of the envelope of holomorphy E(Ω) of a domain Ω in C n (see [Cm] for a survey): unless otherwise stated, n will be assumed to be > 2. We take into consideration the classes of Hartogs and of circular domains.
The Hartogs case has been extensively studied in the past (see, e.g., [V] ). We deepen its investigation proving some stronger results, particularly for domains having "connected vertical sections" (see §2 for definitions), which include the ones previously considered. In Theorem 2.4, for instance, we give necessary and sufficient conditions for the univalence of E{Ω), along with its description whenever such conditions hold.
Using the achievements of the Hartogs case, we are able to obtain similar ones especially for circular domains having "connected linear sections" with complex lines through the origin. We do this by observing that Hartogs domains disjoint from their hyperplane of symmetry and circular domains which do not intersect a hyperplane through the origin correspond to one another through a biholomorphism h of C"" 1 x C* onto itself; and inferring the general case from it. With suitable examples we show that the hypothesis of connected (vertical or linear) sections cannot be dropped from any of our main statements.
Finally we give an alternative interpretation of the results of the circular case in terms of fiber bundles over the projective space P"" 1 (C). The authors wish to thank the referee for his helpful suggestions. Ω', η(E(Ω f )) = Ω'. If Δ is a subdomain of D for which there exists a connected component Δ' of Δ n Ω' so that the restriction to Δ' of every holomorphic function on Ω' extends holomorphically to Δ, then Δ is contained in η(E(Ω f )), and so in Ω', therefore Ω' is a domain of holomorphy.
Thus we can assume D = Ω' without loss of generality. Let (Sj)j e j be the family of irreducible components of S, let Jo = {j e J: Sj intersects Ω}, and for j e JQ let Dj = D\ (\J keJ . k^j 
S k ).
Since, for j e Jo, SjΓ\Ω has codimension 1 in D, whereas sing^), the singular locus of S, has codimension at least 2 in D, then Sj Π Ω contains smooth points of S, so Sj ΠDjΠΩ is nonempty for every G/O The restriction to Ω\S of g e <?(Ω) extends holomorphically to E(Ω\S) = D\S = Dj\Sj for each j e Jo-Moreover, since Sj Π Dj Π Ω Φ 0, then g\a\s also extends holomorphically to a small neighborhood of some point of the irreducible hypersurface Dj n Sj, therefore it extends to a holomorphic function gj on Dj for each j € Jo-Now, given distinct j, k in Jo, we have DjΠD^ = D\S = 2s(Ω\*S), therefore gj = g k on Z> ; Π Z)*. So £|Ω\S extends holomorphically to [jjeJ ^J > w hich contains D\(Tu sing(5)), where T = \JjeJ\J Sj Since sing(5) has codimension at least 2 in D, then £|ΩVS extends holomorphically to D\T. But Ω is contained in the domain of holomorphy D\T; hence D\T = £(Ω), which is schlicht. D For brevity of exposition, the locutions "plurisubharmonic" and "plurisuperharmonic" will henceforth stand for "plurisubharmonic or = -oo " and "plurisuperharmonic or = +oo ", respectively. 
and v <u on Ω}.
Then 9u has a maximum element u*.
Proof By [V, § §10.3-4 p. 74] we only need to show that &ΰ is locally uniformly bounded from above. For k e N, set Ω k = {u< k}: thus Ω = UfceN &k -Let Ω' k be the interior of the intersection of all the open sets of holomorphy containing Ω^: by [H, Corollary 2.5 ] is lower semicontinuous, set u* = -(-w)*, and if u: Ω -• ]0, +oc] is lower semicontinuous set KW = e( logM) *. Two more conventions: (1) the norm || || in C n is assumed to be the euclidean one; and (2) when the argument of a complex number appears in an expression, it will always mean one of its choices. (
Hartogs domains. A domain Ω in

1) Ω intersects {w = 0}: then E(Ω) is schlicht if and only if E(π(Ω)) is schlicht; in this case E(π(Ω)) = π(E(Ω)), the pair (E(π(Ω)) x C; E(Ω)) is Runge and E(Ω) = {(z, w) e E(π(Ω)) x C: |tu| < b^(z)} (2) Ω does not intersect {w = 0}: then E(Ω) is schlicht and has connected vertical sections if and only if E(π{Ω)) is schlicht; in this case E(π(Ω)) = π(£(Ω)), the pair (E(π(Ω)) x C*; E(Ω)) is Runge and
Proof. Assume E{Ω) is schlicht and has connected vertical sections (in case (1), the former assumption implies the latter by Proposition 2.1). For / e #(π{Ω)), the analytic continuation of /o π to E(Ω) does not depend on w , so it naturally gives / e 0(π(E(Ω))) that extends /. But π(E(Ω)) is a domain of holomorphy by Proposition 2.
1, so π(E(Ω)) = E(π(Ω)).
Suppose E(π(Ω)) is schlicht. The coefficients of the Laurent expansion of / G <f(Ω) in w extend to E(π(Ω)). In case (2) the pair (jE(π(Ω)) xC* Ω) has the Runge property. While in case (1) the coefficients of negative degree vanish identically on π(Ωn{w = 0}), so on E(π(Ω)) therefore the Laurent series is in fact a Taylor series in w, and (ϋr(π(Ω))xC; Ω) has the Runge property. By Lemma 1.1, E(Ω) is schlicht in both cases, and the pair (2), is Runge. If z e π(E(Ω)), each holomorphic function on A τ = {w e C: (z, w) e E(Ω)} extends to a holomorphic function on the domain of holomorphy E(Ω) by Cartan's theorem B (see, e.g., [GuR, Theorem VIII. 18 . (2) 
and logo is plurisuperharmonic on E(π(Ω)). Therefore b > b^, whence Ω c ls(Ω), and (1) is completely proved. The rest of (2) 
for each a e C such that 1 < |α| < 1 + e}.
Since Ω is open, the function δ is lower semicontinuous, so, for As in the Hartogs case, note that if Ω is a circular domain with schlicht envelope of holomorphy then E(Ω) is itself circular.
Let Ω' be a Hartogs domain not intersecting {w = 0}. The map h\ C n \{w = 0} -> C n \{x n = 0} given by Λ(z, w) = (wz, w) is biholomorphic onto, and Ω = Λ(Ω') is a circular domain (not intersecting {x n = 0}). Conversely, given a circular domain Ω which does not meet a hyperplane Σ through 0, we can change coordinates in C n so that Σ = {x n = 0}; thus Λ -1 (Ω) is a Hartogs domain in C n \{w = 0}. Notice that in the above hypotheses h(π(Ω')xC*) = V Ω . In view of this remark and of Lemma 1.2, we will be able to transfer to the circular case most of the results and examples obtained in the preceding section. Of course, to ensure that r k = 0 for negative k, it is enough that E(Ω) is schlicht and contains 0.
We now need a special case of forthcoming Proposition 3.7 and Theorem 3.8.
LEMMA 3.2. IfΩ is a circular domain with connected linear sections such that Vςi equals C n or C w \{0}, then E(Ω) is schlicht and contains 0.
Proof. By Lemma 1.1 and Lemma 3.1, E(Ω) is schlicht and (C n E(Ω)) is Runge. Take a line r through 0, and g e <?(E(Ω)Γ\r). Since E(Ω) is a domain of holomorphy, by Cartan's theorem B there exists g e ffi(E(Ω)) which extends g. Therefore (r jE'(Ω)nr) is Runge; by the Runge theorem E(Ω) Π r is simply connected, so 0 € E(Ω).
α The assumption of connected linear sections in Lemma 3.2 cannot be dropped, as we show with EXAMPLE 3.3. A circular domain Ω in C 2 such that VQ = C 2 \{0} but E(Ω) is not schlicht.
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Define a Riemann domain R -(R, τ) on C = C U {00} through three charts S, L\, L 2 c R, as follows. Set -l\ < l/2,Reλ>0, Imλ>0}, τ(Li) = {λ e C*: I | A| -11 < 1/4, -π/2 < argλ < 3π/2}, τ(L 2 ) = {Λ € C*: I |A| -11 < 3/4, π < argλ < 3π}, (1) Vςi is a domain of holomorphy (2) s, t are plurisubharmonic. Condition (2) can be replaced by:
(2') log5, logί are plurisubharmonic.
Proof. The "if part follows from the equality Ω = {XGF Ω :5(X)< 1, ί(x)<l} Suppose Ω is a domain of holomorphy. Using the map h and invoking Proposition 2.1 we prove that VQ\Σ is a domain of holomorphy for every hyperplane Σ through 0. Lemma 1.2 guarantees that E (V Ω Proof. Observe first that Ω is connected because V is. Suppose V is a domain of holomorphy. If γ > 0, then u χ l y is the t function of Ω. If, in addition, u is plurisubharmonic then Ω is a domain of holomorphy, and by Proposition 3.4 the function logw = ylogί is plurisubharmonic. Instead, if γ < 0 then u~χl y is the s function of Ω, and we conclude as before.
If V is not a domain of holomorphy (so 0 φ V), given x° e V we can assume x£ Φ 0. Now
is a complex cone and a domain of holomorphy containing x°, which is contained in V for small δ > 0. With this argument we reduce to the previous case. The equality w* = w^ now follows trivially. D
The domain Λ(Ω), where Ω is given in Example 2.2, is a circular domain of holomorphy which is not with connected linear sections and is such that F Λ(Ω) is not a domain of holomorphy. Furthermore logs, logί are not plurisubharmonic; by Corollary 3.5, neither of s, t is plurisubharmonic.
The assumption of connected linear sections is essential in Proposition 3.4 also. 
is a domain of holomorphy.
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Therefore Ω is a circular domain of holomorphy, is not with connected linear sections, and V& = C 2 \{0}. Notice finally that the s, t functions of Ω are not plurisubharmonic. D
If the circular domain Ω contains 0, the hypothesis of connected linear sections is not necessary, and from [Ct, Theoreme I p. 14] (see also [BM, Theorem IV. 10 p. 79] ) together with [B, Theorem I.(c) 
. Then E{Ω) is schlicht and with connected linear sections if and only if E(VQ) is schlicht. In this case E(VQ) = V E (n), the pair (E(V Ω ); E(Ω)) is Runge, and
s*(x)<l, ί,(χ) < 1}.
Proof. As done for Proposition 3.4, the equivalence in the statement can be easily derived from Theorem 2.4 by taking away hyperplanes through zero from the domain in consideration, invoking Lemma 1.2 and using the map h same for the identity E(VQ) = V E^) . Lemma 3.1 now yields that (J£(F Ω ) E(Ω)) is Runge. The description of E(Ω) in terms of s*, U follows from Proposition 3.4 exactly as the corresponding description in Theorem 2.4 follows from Proposition 2.1. D
Note that h(D)
, where D is the domain of Remark 2.6, has connected linear sections, but its schlicht envelope of holomorphy does not. (V) ) is schlicht In this case E (V) =p~ι (E(p(V) 
Interpretation in the projective
Proof.
(1) Suppose that V is Stein. Chosen a sequence (n of isolated points in p (V) , and a sequence (α I/ ) I/G N of complex numbers, we must prove that there exists a holomorphic function / on p (V) Conversely, suppose that p{V) is Stein. For every hyperplane Σ through 0 in C n , both C n \Σ and p(C n \Σ)
, which is not Stein. As in Proposition 3.4, the only possibility left is that V be a domain of holomorphy in C n . (2) Assume E(V) is schlicht and different from C n . Then every holomorphic function, homogeneous of degree 0, defined on V can be extended to a holomorphic homogeneous function on E{V) c C π \{0}. Thus every holomorphic function on p(V) can be extended to p(E (V) ), which is Stein by (1): so E(p (V) 
Suppose now that p(V) has a schlicht envelope of holomorphy E(p (V) ). If H is the hyperplane bundle on P^^C) (see [SS] ), by (g)^ H we will denote its fcth tensor power for each k e Z: for k < 0 we set 0^ H = ®~k H*. The homogeneous holomorphic functions of degree k on V can be identified with holomorphic sections of φ k H\ P ( V ) . Since E(jp (V) ) is Stein, then F k = ®^H\E{ P {V)) is also Stein, so it can be embedded as a closed analytic subset of C^, for iV sufficiently large. Thus every holomorphic map ψ: p(V) -• F^ can be extended to a holomorphic map ψ: E(p ( V) ) -• F^ furthermore, by analytic continuation, if ψ is a section of i^l^K) > then ^ is also a section of F^ . We have thus proved that every holomorphic function on V, homogeneous of degree k, can be extended to a holomorphic function, homogeneous of the same degree, on V = p~ι (E(p(V) )). Now, as follows from (1) Let α: C"\{0} -> P"" 1^) x (C π \{0}) be given by α(x) = (p(x), x). Then for each cone V not containing 0, the map OL\V is a biholomorphism of V onto the total space K P ( V ) of the restriction of the tautological line bundle to p(V) (in the language of Theorem 4.1, such bundle is H~ι\ p(<V )).
Let now ΩcC" be a circular domain with connected linear sections and not containing 0. Assume that the corresponding s, t functions are W°° and never vanish: then s, l/t naturally give rise to hermitian metrics h s , h\/ t on H~ι\ P (γ), and Ω is the inverse image through a of {xeK PlVQ y. \\x\\ hs <U ||x|U > 1}.
Proposition 3.4, for instance, can be restated in this case by saying that Ω is a domain of holomorphy if and only if p(Ω) is Stein and the curvature forms of h s , hχ/ t are semipositive, seminegative respectively (see [SS] ). A similar statement holds also if one of s, t vanishes identically, whereas the other is g 700 and never vanishes. D
